Abstract. The energy of G, denoted by E(G), is defined as the sum of the absolute values of the eigenvalues of G. In this paper, the trees with a given diameter having the minimal energy are determined by three specific tree operations; using this method, together with previous work, a conjecture proposed by B. Zhou and F. Li [J. Math. Chem., 39:465-473, 2006] is completely solved.
Introduction.
Let G be a graph on n vertices. The eigenvalues λ 1 , . . . , λ n of an adjacency matrix of G are called the eigenvalues of G. The energy of G, denoted by E(G), is defined as
This concept was introduced by Gutman and is intensively studied in chemistry, since it can be used to approximate the total π-electron energy of a molecule (see, e.g, [5, 6] ). For more details on the chemical aspects and mathematical properties of E(G), see [3] - [6] For a graph G, let m(G, k) be the number of k-matchings of G, k ≥ 1, and define m(G, 0) = 1, m(G, k) = 0 if k < 0. If G is an acyclic graph on n vertices, then the energy of G can be expressed as the Coulson integral [6] 
It is easy to see that E(G) is a strictly increasing function of m(G, k)
, k = 1, . . . , n/2 . This observation led Gutman [2] to define a quasi-order over the set of all acyclic graphs: If G 1 , G 2 are two acyclic graphs, then 
where l = 4k + r, 0 ≤ r ≤ 3.
2. Three specific tree operations. In this section, we introduce three specific tree operations and our technique is to employ these specific tree operations to transform tree with energy decreased after each application.
The following operation is introduced by Yu and Lv [10] .
we call P a pendent path of T with root v 0 , and particularly when k = 1, we call P a pendent edge. Let s(T ) be the number of vertices in T with degree more than 2 and p(T ) the number of pendent paths in T with length more than 1. We assume throughout this paper that
Let S n,k be the set of n-vertex trees with k pendent vertices. If T ∈ S n,k (3 ≤ k ≤ n − 2), T = T n,n−k+1 and p(T ) = 0, then we always can find two pendent vertices u 1 and v 1 
. . , uv t }, we say that T is obtained from T by Operation I (see Figure 2 .1). It is easy to see that T ∈ S n,k , p(T ) = 1 and
, then we can always find two pendent vertices v 0 and
of the longest path in T , and T = {T 1 , . . . , T c } be the set of connected components of Figure 2. 2). It is easy to see that T ∈ T n,d . Now we show that Operation II makes the energy of a tree decrease strictly. In the following proof, we use the same notations as above. 
The last equality holds by Eq. (2.1).
It is easy to see that m(T, 1) = m(T , 1). So, T T and E(T ) > E(T ).
By Lemma 2.2, we immediately get the following result.
not a caterpillar, then repeated using Operation II we can finally get a caterpillar T with E(T ) < E(T ).
So, in what follows, we may assume that T is a caterpillar in Now we show that Operation III makes the energy of a tree decrease strictly. In the following proof, we use the same notations as above. 
If T is obtained from T by Operation III (e.g., see Figure 2.3), then E(T ) < E(T ).
Proof. By Lemma 1.2, we have 
Therefore,
So, T T and E(T ) > E(T ) in this case.
If i = d − 1, then Operation III is a special case of Operation I, and in this case, Lemma 2.1 yields E(T ) < E(T ). Therefore, our result holds. 
